This article was downloaded by:

On: 26 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Liquid Crystals
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713926090

A backflow effect in smectic C liquid crystals in a bookshelf geometry
P. J. Barratt®; B. R. Duffy*
* Department of Mathematics, University of Strathclyde, Glasgow, UK

To cite this Article Barratt, P. J. and Duffy, B. R.(1996) 'A backflow effect in smectic C liquid crystals in a bookshelf
geometry', Liquid Crystals, 21: 6, 865 — 869

To link to this Article: DOI: 10.1080/02678299608032903
URL: http://dx.doi.org/10.1080/02678299608032903

PLEASE SCROLL DOWN FOR ARTICLE

Full ternms and conditions of use: http://ww.informworld.confterns-and-conditions-of-access. pdf

This article nay be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, fornulae and drug doses
shoul d be independently verified with prinmary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or danmmges whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713926090
http://dx.doi.org/10.1080/02678299608032903
http://www.informaworld.com/terms-and-conditions-of-access.pdf

08:39 26 January 2011

Downl oaded At:

Liquip CRySTALS, 1996, VoL. 21, No. 6, 865-869

A backflow effect in smectic C liquid crystals in
a bookshelf geometry

by P. J. BARRATT and B. R. DUFFY*

Department of Mathematics, University of Strathclyde, Livingstone Tower,
26 Richmond Street, Glasgow G1 1XH, UK

(Received 19 April 1996; accepted 26 July 1996)

We consider the instability that is induced when a large (supercritical) magnetic field is
applied to a sample of smectic C liquid crystal held between parallel plates in a bookshelf
geometry, with strong anchoring at the cell walls. Using a recently proposed dynamic theory,
we solve the full linearized equations (with transportation of material between the smectic
layers allowed) to show that the backflow that is induced has components both parallel and
perpendicular to the layers, in contrast with the assumptions of Carlsson et al. The
corresponding growth rate of the instability is obtained in terms of the applied field strength

and material parameters.

1. Introduction

The use of smectic C liquid crystals in the development
of electro-optical devices [1] has been the motivation
for an extensive study of the director dynamics in these
materials for more than a decade. In the absence of a
viable dynamical theory, investigations have generally
assumed that there is no coupling between macroscopic
flow and director reorientation in these layered materials.
However a recent paper by Leslie et al. [2] proposes a
fully dynamic continuum theory for such materials,
utilising the simplifying assumptions that the layer thick-
ness remains constant and that the tilt of the director
with respect to the layer normal remains unchanged.
Employing this theory Carlsson et al. [3] investigated
the importance of backflow on the switching behaviour
of surface stabilized ferroelectric liquid crystal cells, while
Leslie and Blake [4] examined its effect upon orienta-
tional relaxation in smectic C liquid crystals. However
in their analysis Carlsson et al. [3] imposed the addi-
tional constraint that the velocity field is everywhere
perpendicular to the layer normal, which means that the
transportation of material between layers cannot occur.
Although this further assumption simplifies the analysis,
the solution found by Carlsson et al. [37] does not satisfy
the linear momentum equation in the theory. In fact the
introduction of an extra condition renders the system
overdetermined.

In this paper we re-examine the problem that was
considered by Carlsson et al. [3] in which a relatively
large magnetic field is suddenly applied across a sample
of smectic C liquid crystal in equilibrium in a bookshelf

* Author for correspondence.

alignment between two large, parallel, horizontal flat
plates. After giving a brief outline of the continuum
theory in § 2, we formulate the problem for the particular
type of Fréedericksz transition under consideration in
terms of a linear stability analysis in §3. However we
choose to follow Leslie and Blake [4] and permit
transportation of material between the layers. Although
this leads to a rather more complicated system of
equations than in [3], it is shown in §4 that a similar
method of solution yields results that appear to be
qualitatively the same as those in [ 3], but are, of course,
quantitatively different. Furthermore the solution pre-
sented here (unlike the one in [3]) satisfies the full set
of continuum equations proposed by Leslie ez al. [2].

2. The continuum eguations

In this section we present a brief summary of the
phenomenological equations governing the elastic—
hydrodynamic behaviour of smectic C liquid crystals
proposed by Leslie et al. [27]. Assuming that the smectic
material consists of uniform layers with a fixed tilt of
the alignment with respect to the layer normal, the
constrained continuum theory introduces two orthonor-
mal vectors to describe the smectic layered configuration.
One is the unit normal to the layer a and the other is a
unit vector ¢ that is parallel to the layers and describes
the direction of the tilt of the molecular alignment. Thus
a and ¢ must satisfy the constraints

ara=1, c¢c-c=1, a-¢=0, (1)

while the further assumption that the medium is free of

0267-8292/96 $12:00 © 1996 Taylor & Francis Ltd.
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defects imposes the additional constraint
curla=0. (2)

With the assumption of incompressibility, the additional
equations required to determine a,c and the velocity
vector field v are, in Cartesian tensor notation, the
constraint

=0, (3)
the linear momentum equation
poi= =P+ 8% + &5, + Ty (4)

and the angular momentum equations

ow ow-
da; 4‘,__§a_i+gi + G + &P+ yai+xe; =0

(5)

and

ow ow
(;) —— 4+ F+ G+ Ka; + 1c; =0, (6)
a(,'ij j aci

where

P=—Hu+p+W, @;=105+10F

t5 = toDi;+ ma,Dyaia; + p(Dia; + Diay)
+ 3¢, Dyeic; + puy(Dic; + Dicy)
+ uscp,Dyla;c; +aje;) + A(Aa;+ Ajay)
+ A(Cie;+ Ciey) + Ascp,Aplaic; + aje;)
+x1(Dic; + Dfc; + Dfa; + Dja;)
+Kata,Di(ac; + a;e;) + 2a,D5aa,)
+rate,Dilac; + aje) + 2a,D5ci¢;)
+14(Cia; + Cia) + 1,(A;c; + Ajcy)
+213¢, 4 0:a; + 2140, A ,0iC5

13 = ay(Dja;— Dia;) + 2,(Dc; — Dic;) 7)
+ Asc, Diolae; —a;e) + Aq(A;a,— A;a;) r
+ 75(Cie;— Cic) + Age, A fac; — azc;)
+ 13(Dje; — Dic;) + 1,(D%a; — Diay)
+ t3a,Dpla;c; —a;e;) + tac,Dila;c; — ajcy)
+15(d 0 — Aie;+ Coa; — Ciay),

gi= —2(aDf + Ayc, Do+ Agdi + AgcpA ey
+1,Df + tya,D5¢; +14¢,D5c; + 15C)),

gi= =204 Di+ 25Ci+ 1, Df + 15 4)),

Di=D;;a;, Dij=Dc;, 2D;=v;;+v;,,

Ai=a;— Wja;, Ci=¢—Wje

7]-,
2Wy = i Uy

J
Here p is the constant density, &;; is the alternator and

a superposed dot indicates a material time derivative.
The arbitrary ‘scalar functions p,y,1,x and arbitrary
vector function § arise from the constraints (3), (1) and
(2), respectively, while G* and G° denote any generalized
external body forces acting and H,,, represents the energy
per unit volume due to the presence of any electric or
magnetic field. Of particular importance to this paper
are those forces associated with an applied magnetic
field H which take the form

G'=y.(H-n)Hcosa, G'=y,(H-n)Hsinz, (8)

where y, denotes the anisotropic part of the magnetic
susceptibility (assumed constant), and « is the fixed tilt
angle between the layer normal a and the average
molecular alignment n, with n =acosa + ¢sina. Also W
is the elastic stored-energy per unit volume, taking the
form [4]

2W = K?(ai,i)z - Ki(ci,i)z + K%(Ciai,jcj)z
+ K5¢; 6+ K5e o650,

+2K5a; (c;a;0) + 2K4¢, ;050 0ty

i
+2K%¢; i(ca;,0) + 2K a; ¢ ;- (9

The theory thus provides 16 equations (1)—(6) to deter-
mine the sixteen variables a;, ¢;, v;, B, o v, x and ©. [f
one follows Carlsson et al. [3] in introducing the extra
equation v-a=0 into the theory, the system becomes
overdetermined and it is generally not possible to find
solutions that satisfy all the equations, even for the
simplest of experimental arrangements (as illustrated by
the analyses of Carlsson et al. [ 3] and Leslie and Blake
[47). For this reason we do not adopt this additional
constraint, and hence we allow the transportation of
material between layers.

3. Formulation of the problem

Suppose a sample of smectic liquid crystal is confined
between two large, horizontal flat plates with the uniform
layers perpendicular to the bounding planes. We assume
that the direction of the tilt angle is uniform throughout
the sample, and consider the application of a uniform
magnetic field H applied perpendicular to the initial
uniform molecular alignment. Cartesian coordinate axes
are chosen so that the upper and lower plates occupy
the planes z = d/2 and z = —d/2, respectively, the normal
a to the layers is in the x-direction, and the applied
magnetic field is given by

H=(0,0,H), (10)

where H is a constant.
The uniformly aligned equilibrium configuration

v=0, a=(1,0,0), ¢=(0,1,0) (11)

(with p being a constant p,) is one obvious solution of
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the equations (1)—(6), and it is well known that this
configuration obtains until H exceeds a critical value H,
given by H,=((K{+K5)/x.)"*(n/dsina), when a
Fréedericksz transition occurs. Here we are interested in
the initial dynamics associated with this instability, in
particular the effect of backflow when a magnetic field
with strength H > H_ is suddenly applied across the
sample. Since we are concerned only with the dynamics
at the start of the instability, we seek solutions of the
form

v = (i(z,1),0(z,1),0), a=(1,0,0), c¢=(0,1,z1),
(12)

with p = p, + p, where i, 0, qg and p and their derivatives
are small compared to unity. One observes that, as is
customary, the layer normal is assumed to remain fixed
in its initial direction. With (12), the constraints (1)—(3)
are satisfied identically, and a linearization of equations
(6) and (4) results in the equations

(K + K3}, — (Ao + As)0, — (01 + Ts)u, — 2256,
+ (xa H?sin? )¢ = 0, (13)

(Mo + o+ 241 + Au_, + (g + T4 + T2+ T5)0,,
+2(1; + T5)o =0, (14)

(Ho+ pa+ 200+ As)0.o + (16y + Ty + T3+ T5)i,.
+2(A; + A5)$, =0, (15)

together with

k=1t=0, p=constant. (16)

Introducing non-dimensional variables 2, {, U and V
defined by

z=8d, t=——5"%5—,
xoH2sin? o
. . (17)
i dy,H?sina  dy,H?sin%«
P i e L N S
As As

(well-defined since A5 > 0) and seeking solutions of the
form

é=d@)e", U=iz)et, V=0()e", (18)

where s is a constant dimensionless growth rate, we find
that the system of equations (13)—(15) becomes

(D*— A,)¢ — n2A,Dii — n2A; Di =0, (19)
D%l + A,D* + 2A5sD¢ = 0, (20)
AgD%i + D% + 2A,5D¢ = 0, (21)

where

A; =(2s — W),
Ay = (11 +15)/4s,
Ay = (Ao + 4s)/ s,
Ky + Ty 4Ty + 1
T oyt 2A Ay

A= T+ 75

ot a4 24+ (22)
K1+TI+T2+T5

A6= P ’
,u()+ﬂ4+2/1,2+}~5

_ Ay + As

T ot pa+ 200+ ds”
2

=t
HY J

and D =d/dZ. For convenience the tildes will now be
dropped.

We assume that at the bounding plates, the director
fields satisfy a strong-anchoring condition and the
velocity field satisfies a no-slip condition, so that

(D) D)ol )0

4. Solution
Extending a method employed by Brochard et al. [5]
and subsequently Carlsson et al. [3], we seek solutions
having the form

1
¢ = d)o(cos qz — cos<5q>>,
. (1
u= u0<sm gz —2z mn(iq)), (24)
) e
0= uo(sm qz — 2z sm(iq)),

with g non-zero. The boundary conditions (23) are
automatically satisfied, and substitution of (24) into
(19)—(21) yields the linear algebraic equations

{(—q2 — A;)cos gz + A, cos (%q)}d)o

— nz(q cos gz — 2 sin (%q))(Azuo + A3v) =0,
(25)
q*uo + A4q*ve + 245599, = 0, (26)
AsqPuo + q*vo + 24,599, = 0. (27)
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Equating coefficients in (25) results in the equations

(g% + A1) + mPq(Azuo + A300) =0, (28)

1 1
Ay cos (7(])470 + 2n?sin (zq)(Azuo + A300)=0.
(29)

Equations (26)—(29) constitute a linear algebraic
system of the form

M®O=0, ®=(dgy,ug, )", (30)

where M is a 4 x 3 matrix and the exponent T denotes
a transpose. The conditions for this system to have a
non-trivial solution @ are simply

2 x® 24X [/ —tanX
Tl x—mnx ] " TRl X—tanx |

(31ab)
where
X==lq,
2
A={A,(As — Ay A7) + As(A; — A5 A5) (1 — A4A6().32)

The formal solution can now be completed by taking
the divergence of (5), solving the resulting differential
equation for y, and then using (5) to determine curl 8,
if desired.

Equation (31) gives the ‘wavenumber’ X implicitly in
terms of the applied field h, and also gives the growth
rate s parametrically in terms of 4 (with parameter X).
By elimination of X the h—s relation may alternatively
be written in the implicit form

1 ,
Astan [zi'c(h2 — 25+ 2As)1/2}
(33)
1
— (= 25 4 24510 — 2),

Surprisingly the results in (31) have the same general
structure as equations (55)-(56) of Carlsson et al. [37,
but with a different expression for the parameter 4 in
terms of viscosities. (Superficially the resuits look differ-
ent; however their parameter f§ is not a constant: it
depends on the strength of the applied field (our h).
When this is substituted, the two results are seen to be
of the same form.) It is worth noting that in the special
casc of a smectic Cy phase, the material parameters «;
and t; in (7) are zero (for all i), so that in (22) we have
A, =A,=As=A4=0. Then (19)—(21) lead to the

reduced system
(D* — 4,)¢ —m2A, D5 =0, D=0,

e - (34)
D +2A4,5D¢ =0,

whose solution (subject to (23)) is again (24), with u, =
0 and with s, h and X related by (31), but with 4 defined
by A:=A;A,. System (34) is essentially equivalent to
the one considered by Carlsson et al. [3] (though they
assumed u=0 at the outset); thus in the case of a
smectic Cy, material, their no-permeation (1 = 0) assump-
tion leads to a consistent solution, and our results tally
exactly with theirs in that case.

5. Discussion
The h—s relation (31) or (33) has infinitely many
branches, for any value of the material parameter A. It
seems that this relation can make sense physically only
if A satisfies

O<A<l1. (35)

For a given A inside this interval, the branch on which
the growth rate s is largest (the ‘lowest’ branch) is the
one that determines the stability of the system. Tt is
found that instability arises (i.e. s > 0) for h > 1, with the
lowest branch corresponding to in < X < X,,, where X,
(~4-49}) is the smallest positive root of the equation
X, =tan X,,. ‘Higher’ branches of the A-s curve corre-
spond either to stable modes or to unstable modes with
a smaller value of s, at any given field strength h. For
A>1 the growth rate s is positive even for h=0,
showing that the initial bookshelf state would be ‘mech-
anically unstable’ even with no magnetic field present.
Not only that, but in this case the higher branches
correspond to modes with larger (positive) s, and indeed
even at h=0 there are modes with indefinitely large
values of s, which presumably is unphysical. For A <0
there are jump discontinuities in the h—s relation for
s> 0, meaning that the material would exhibit discon-
tinuous behaviour, which is not to be expected physic-
ally. In particular, for any 4 <0 the system is unstable
with a finite growth rate s;:=6/n?| A| (corresponding to
small X) for h=h;, but is stable for h=h;', where
hy=[12(A — 1)/r>A]"Y* presumably such a jump in
behaviour is unphysical. These observations suggest that
only the case (35) can be of interest in modelling a
smectic material that can attain an initial bookshelf
configuration.

Interestingly a ‘conventional’ static analysis predicts
correctly the bifurcation point & = 1 (as asserted earlier),
but the natural assumption from this, that the system is
stable for h < | and unstable for A> 1, is valid only if
0<A<1, as shown by our dynamical analysis.
Furthermore the material parameter 4 depends only on
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viscosity coefficients, which do not enter the static
considerations.

Given that the only difference between the forms of
our solution and that of Carlsson et al. [3] is the
expression for A in terms of viscosities (which themselves
have not yet been measured experimentally!), we may
assert that their discussion from page 471 onwards
carries over to our solution, and so need not be repeated
here. In particular they present figures showing, as
functions of k, comparisons of the response time 1/s and
the wavenumber g with the corresponding quantities
obtained when backflow is ignored (though strictly there
is no such solution of the governing equations). Their
diagrams (for A =001, 0-1, 0-5 and 09) carry over to
our solution; perhaps all that needs to be emphasized is
that the response time is reduced when flow effects are
taken into account. We may demonstrate this reduction
in the response time as follows. First we set u=0 =0 in
(19) and (23), and, following Carlsson et al. [ 3], ignore
equations (20) and (21), to obtain

(D*— 4)$ =0, ¢(J_r%)=o, Ay=(250— ),

(36)

where s, is the growth rate for the ‘negligible-backflow’
transition. This gives straight forwardly

so=%(h2— 1). 37)

For a given h (> 1) we wish to compare s in (31 a) with
S here. By (31b) and (37) we may write

_2X2|:(X/A)—tanX:| 1
e el LS

So= T X —tanX (38)

and then we have

_1+ 2X%tan X 1 cX<X (39)
ST T TR X —tanx) \2" S T4

which, we note, is independent of A. It is easy to show
that the right hand side here is positive over the interval
in< X <X, (for any A), so that s> s,, meaning that
the response time 1/s is less than the prediction 1/s, that
is obtained when backflow is neglected. This reduction
in response time is found to be small when A is small,
but becomes much more significant as A approaches
unity ([see [3]).

Finally we remark that, following [5] and [3], we
have considered only solutions of the type (24); there
exist other solutions of (19)—(23), but these involve
nonzero net fluxes parallel to the plates.
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Note added in proof
It has been suggested by a referee that there may exist
solutions that involve nonzero pressure gradients paral-
lel to the plates (unlike the solutions presented here and
in [4]); this possibility is being investigated.



